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Formulation sketch

Paper with the same title on ArXiV contains much more details and references
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Three Fundamental Problems in RDBMS

 Based on variable elimination and (equivalently) tree decompositions
» Very general query types (Boolean, aggregations, max, min, CSP, PGM, etc.)

* Refs:
* [FDB: Olteanu, Zavodny TODS’13]
» [FAQ: Abo Khamis, Ngo, Rudra PODS’16 / SIGMOD Records 16]
« [TD: Gottlob, Greco, Leone, Scarcello PODS’16]

2. Output size bound

3. Worst-case optimal join algorithms
» To evaluate intermediate queries



Notations

o1 =11 if E holds o 1 _ )1 if (a,b) €R
E 0 otherwise’ ) R(a,b) 0 if(a,b) € R

* (Query’s) Hypergraph H = (V, £)

» For each F € &, there’s an input relation Ry on attributes F

*E.g. Q(4,B,C) <« R(A,B),S(B,C),T(A,C)




Degree Constraints

R(A,B,C)
m » deg(A|BC) = deg(ABC|BC) <1 Functional dependency
1 * deg(B|A) = deg(AB|A) < 2 Degree constraint
* |[R| = deg(ABC|®) < 8 Cardinality constraint

. (X, Y, Nylx) where € X c Y € V, with guard R
* deg(Y|X) = mtaX|7TYUX=t(R)| < Ny|x

 Generalizes both cardinality bounds and FDs
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Twin Problems

Full conjunctive query Q Degree constraints DC

Qa(A,B,C) « R(A,B),S(B,C), T(A,0) (®,AB, |R]), (@,BC,|S)),
(@, AC,|T)), (A,AB,K)

1. Worst-case output size bound

sup |Q(D)|

DEDC

2. Worst-case optimal join (WCOJ) algorithm: evaluate Q in

O([IDI + sup |Q(D)|]P01Y(|Q|)108|D|) = (7(IDI + sup IQ(D)I)

DEDC DEDC



sup |Q(D)]

De=DC
* Geometry
 [Loomis-Whitney 1949, isoperimetric inequalities]
* [Bollobas-Thomason 1995] the Holder argument!
« Extremal combinatorics, graph theory
e [Alon 81]
* [Chung, Graham, Frankl, Shearer, 86] the entropy argument!

* [Friedgut-Kahn 98]

e Constraint satisfaction
e [Grohe & Marx SODA’06]

« Databases
 [Atserias, Grohe, Marx FOCS’08]
» [Gottlob, Lee, Valiant, Valiant JACM’2012]
* [Ngo, Porat, Re, Rudra PODS’12]
* [Abo Khamis, Ngo, Suciu PODS’16, PODS’17]



Geometric Connection

A
!
R(A,B)
O
0 @ © o o
A0 ¢ v '/ °
)y 0 v °
@ o
0 U » B
- - - -
- S(B,C)
C sup |Q(D)| = number of red points (a,b,c) such that their

DEDC
shadow on (A,B) is covered by R

shadow on (A,C) is covered by T
shadow on (B,C) is covered by S
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O(|D| + sup |Q(D)|)-Time Join Algorithms
DEDC

» DC contains only cardinality constraints

e [Grohe & Marx SODA’06] Join-Project plan O (|D|x Dsggale(D)l)
 [Todd Veldhuizen, LogicBlox 2009] LFTJ

e [Ngo, Porat, Re, Rudra PODS’12] NPRR 0( Ds.lll?le(D)D
e [Todd Veldhuizen, ICDT’14] LFTJ O( Dsgg)le(D)I)

* [Ngo, Re, Rudra, Sigmod Records 13] Generic Join O( sup |Q(D)|)
DEDC

* DC contains FDs and degree constraints too
* [Abo Khamis, Ngo, Suciu PODS’16, PODS’17] PANDA



Takeaways

* Proof of output size bound = efficient algorithm design
 Analyses crucially based on linear programming duality
 Connection to information theory and group theory
 Practical! “Just in time” for modern ML workload

« Many open problems!
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Triangle Query Dissected

Illustration for n = 3, then let 3 -

88888888



QAr(A,B,C) <« R(A,B),S(B,C),T(A,C)

¢ DC — {(Q;AB, NR)) (Q; BC; NS), (@,AC, NT)}

* sup |Q(D)|=max|R(4,B) x S(B,C) x T(A,C)]

pepe subject to |R| < N
S| < Ng
IT| < N7



Any Pairwise Join Plan is Sub-Optimal

Qr(A,B,C) « R(A,B),S(B,C), T(A,C)

IRl =S| =IT[=2N—-1=0(N)

sup |Qa(D)| < IRI -S| |T| = O(N™%)
DeEDC
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The Holder Argument

1Qal = 7 7 7 1r@@bn)lsw,olrace) = Z Z 1R(ab) 2 Lsw,o)lr@ao
a b c a b c
< Z Z 1r(ap) z 1sp,0) 2 17,0
a b c c

= > > o 195=05W10a=aTl = ¥ V10azaTl ) Triapn/105=55
a b a b

< z \/ |O-A=aT|\/z 1R(a,b) \/Z |O-B=bS|
a b b

= Z V10a=aT104=aRI/IS| = \/EZ V104=aT |\ 104=qR]

1Qal <+/IRI-1SI-|T]|

E.g. number of triangles in a graph is 0(m!>) [Alon, 1981]



Algorithm from Holder argument

0A(A,B,C) « R(4,B),S(B,C),T(4,C) for a € m,R N ,T do
for b € ngzo,—4,R N xS do
forc e o_,SNmc04-,T dO
/ report (a, b, ¢)

|Qal = Z Z Z 1R s, 1700
a boc min{|mcop=pS|, |TcOs=T|}

<) 1R<a,b>JZ L jZ 1o < VImcon-S] - ImcosaT|
a b c c

< J105=0S| - 104=aT|
= Z z 1R(a,b)\/|O-B=bS|\/|O-A=aT|
3 Total runtime:

< ) V|0a=qT| 1R(ap) |og=pS]|
za: ) \/zb: ) \/Zb: ZZ 1R(a,b)\/|UB=b5| - |0a=aT|
a b
= VIoazaT W10a=aR IS
a

< VIRI-IS]-|T|
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The Entropy View (Shearer)

R S T Qa

A B B C
1 1 1/3 1 1 1/6 1 1 1/3 1 1 1 1/6
1 2 1/3 1 2  1/6 1 2 1/3 1 1 2 | 1/6
5 - 2 2 1/3 o 1 1/3 4 2 1 1/6 1 2 1 1/6
2 5 /A 6 1 o 2 1/3 o 2 1/6 1 2 2 | 1/6
2 6 O 3 1 O - 2 2 1 |1/6
o H[A,C] < log; |T| 2 2 2 |1/6

H[A B] <log,|R| _° 3
H[B,C]| < log, |5 H|A,B,C] = log; |Qal

N\

| H satisfies degree constraints | | H 1s entropic

H[B|A] <log, 3
H[A|B] <log, 2
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Information Theory Detour

* Fix a joint distribution on n variables V = {X,, ..., X,,}

 The entropy function associated w/ the distribution is
H:2" - R*
* H[F] = the entropy of the marginal distribution on F
» H[F] measures the amount of uncertainly on F

* H[S|T] := H[S UT] — H[T] : the conditional entropy

e H[S|T] = amount of uncertainty in S if we know T

* H is said to be
* H[@] =0

e H[S| < H[T]ifSCET Sh "
« H[S|T] = H[S|T UY],VS,T,Y €V d

* I, = set of all entropic functions on n variables

17



The Entropy Argument

There is a joint
distribution on (A,B,C)
for which h is the entropy

log|Qal = H[A, B,C] < maxh(4, B, C) function of
s.t. his
& h satisfies degree constraints
h(4,B) + h(B,C) + h(4,C) \ h(A, B) < log, |R|

h(B,C) < log,|S|

= h(A) + h(B|A) + h(B,C) + h(4,C) h(A,C) <logy |T|

= [h(A) + h(B, C)] + [h(B|A) + h(A,C)]
> [h(A|B,C) + h(B,C)] + [R(B|4,C) + h(4,0)]
= h(4,B,C) + h(4,B,C)

h(4,B) + h(B,C) + h(A,C)
< <
log|@al < | max h(4,8,() < max 2
< log,|R| + log;|S| + log,|T|
- 2
= log, /IR - 1S| - |T]| = 1Qal <IRI-IS|-|T|
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Algorithm from Entropy Argument

Qr(A,B,C) « R(A,B),S(B,C),T(A4,C) RMeavy = {(aq,b) € R : |o4=4R| > 6}
R S T RUN = {(a,b) €R : |o4_4R| < 6}
h(A,B) + h(B,C) + h(4,C)
R" R!
= h(4) + h(B|A) + h(B,C) + h(4,C) R(A,B) = R"Y (4, B) U Rt (4, B)
= [h(4) + h(B, C)] + [h(B|A) + h(A,C)]
RM S R! T 01(A,B,C) = R"*Y(A,B) x S(B, ()

> [R(AIB, €) + h(B,O)] + [R(BIA,C) +h(A,O] (4 B, C) = RIS (A, B) wa T(4, C)

= h(4,B,C) + h(4,B,C) Qr = 0, U 0,
IR| IR|
Rheavy < — = |0 |S— S |R||S|
| =5 =7 S 4 = 1041,10, < /IR - 18] - [T}

10,1 < |T]- 6 7]
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Holder-based Bound

Holder wasn’t the first to prove the inequality



Fractional Edge Cover

« Hypergraph H = (V, &) and query Q(V) « Apec Rp(F)

 Fractional edge cover 6: € - R*
Z o = 1, Vv eV

Fe&
veF

E.g. Q(A,B,C) « R(A,B),S(B,C),T(A,C)

21



Friedgut Inequality (2004)

« Hypergraph H = (V, &) and query Q(V) < Agpec Rp(F)
 Fractional edge cover 6: € - R*
« Weight function wg: [[ ¢ Domain(X) - R*

> [ <[ [(Y weo)
XEQ FEeE& FEE \tERF

*E.g. Q(A,B,C) <« R(A,B),S(B,C), T(A,C)
* wg: Domain(4)xDomain(B) » R*
* wg: Domain(B)xDomain(C) - R*
e wr: Domain(4)xDomain(C) » R*

> wala by Rws(b, ) %swr(a, )
(a,b,c)€EQA

(> wR<a,b)>6R< > wS(b,c)>8S< 2, wi@o)

(a,b)ER (b,c)ES (a,c)eET

22



Proof for n = 3, then let 3 —»

(a,b,C)EQA

IA

wg (a, b)°rws(b, c)%swr(a, )7 = z z z wg (a, b)®Rwg (b, c)swy(a, €)o7 1r(a,p)1sb,0)17(a0)

zz [wg(a, b)lR(ab) Z[Ws(b )L, c)] S[wr(a, c)1rq, c)]

Holder inequality
a+pf=1ap €R’ zz [wr(a, b)lR(ab) st(b C)ls(b ) ZWT(G C)]-T(a c)

a B
Z Hl < (Z Xi> (Z yi) = z z wr(a, ) lr(qc) z[WR(a b)1g(a,p)]° z ws (b, ) 1s5p,c)
a b
167 185
6+ 6 =1 = z ZWT(G Alre z[WR(ar b)1rap)]°R st(b, C)ls(b,c)
b

10T 1

SR [
z [Z wr(a, C)lT(a ) Z[WR (a, b)lR(a,b)]sR]
L b
< [Z Z wr(a, c)1T(a,c) Z Z [wg(a, b)1g(qp]°R
a ¢ | |~ =

8s
z z ws (b, C)]-S(b c)]
[z z ws (b, )15, c)]

ST Or 8s
=< Z WT(a,C)> < Z WR(a,b)> < Z ws(b, c))
(a,c)eT (a,b)ER (b,c)es
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Friedgut Inequality = AGM-Bound

« Hypergraph H = (V, ) and query Q(V) « Apec Rp(F)
 Fractional edge cover 6: € - R*
« Weight function wg: [[ ¢ Domain(X) » R*

> [ <[ [(3 weo)

XEQ FEE FEE \tERF

« AGM Bound, set wp = 1,VF
Q(D)] < 1_[|RF|5F < |D|%Fee OF
F

* p*(H) = main Y.ree O @ fractional edge cover number
|Q(D)| < |D|P" D)

24



Entropy-based Bound

Lots of open problems
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Information Theory Reminder

* Fix a joint distribution on n variables V = {X,, ..., X,,}
 The entropy function associated w/ the distribution is
H:2" - R*
« H[F] = the entropy of the marginal distribution on F
» H[F] measures the amount of uncertainly on F

* H[S|T] := H[S UT] — H[T] : the conditional entropy
e H[S|T] = amount of uncertainty in S if we know T

* H is said to be
* H[@] =0

« HIS| < H[T]ifScT Shannon-tvoe
inequalities
« H[S|T] = H[S|TUY], VS, T,Y €V

* I, = set of all entropic functions on n variables

26



The Entropy Argument

Hypergraph H = (V, &) and query Q(V) « Apec Rp(F) h is the entropy function
of some joint distribution

on n random variables
log,|Q(D)| = H[V] < sup h(V)

s.t. (i.e. his )
& h € HDC (i.e. h satisfies degree constraints )

V(X,Y, Nyjx) € DC

The entropic bound
sup log, |Q(D)| = sup {h(V) | h € I;; n HDC}

DEDC /
ﬁms%] | < « Isacone

» Not topologically closed

» Not polyhedral
*  Membership not known to be decidable

27



Relaxations M, cTl;cTlicT, cSA,

Non-negative set functions h : 2 - Rt

SA.,

Monotonicity h(S) < h(T),SST
Subadditivity h(SUT) < h(S) + h(T),VS,T < [V]

Polymatroids, [},
e Submodularity A(SUT)+ h(SNT) < h(S)+ h(T)

Topological closure, T

Entropic, [},
Modular, M,

h(X) = Z h(x),VX CV

28




Hierarchy M, c I c T c T,, € SA,

max {h(V) | h € M,, N HDC} <

sup log; [Q(D)|
DEDC

sup {h(V) | h € I;; N HDC}

max {h(V) | h € T;; n HDC}

<max {h(V) | h € I, n HDC}

max {h(V) | h € SA,, n HDC}

Modular bound
Efficiently computable

Entropic bound
Not known to be computable

Polymatroid bound
Computable

Not (known to be) efficiently
computable

Not tight

Becomes fractional edge cover
# under cardinality constraints

Becomes integral edge cover #
under cardinality constraints

29



Natural Follow-Up Questions

sup log, |Q(D)| = max {h(V) | h € T;; n HDC}

DeDC

Entropic bound * Polymatroid bound
Not known to be computable * Computable, not tight

When do these two bounds collide?

When they do, is there a matching
algorithm?

<max{h(V) | h €I, n HDC}

30



Degree-Constraint Dependency Graph

* Gpc = (V, Epc)
« V = set of all variables -- same asVinH = (V, &)
e Epc = {XX(Y = X) : (X,Y,N) € DC} (A)

«Ex1: Q(A,B,C) « R(A,B),S(B,C), T(4,C)
+ (@, 4B, [R]), (@, BC, ISI), (&, AC, |T]) ©
* Gpc = ({4,B,C,},0)

« Ex 2: Q(4,B,C) « R(A,B),S(B,C),T(4,0)
¢ (@,AB;lRl); (A AB, 1): (Q)rBC) |S|), (C)BCtNZ)r (®;AC;|T|) @ G

« Ex3: Q(4,B,C) « R(A,B),S(B,C),T(A,C)
* (0,4B,|R|),(AAB,1),(®,BC,|S|), (B, BC, Ny),
¢ ((Z); AC; |T|), (C,AC, N3)
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Acyclic Degree Constraints & Properties

* DC is acyclic iff Gy is a directed acyclic graph (DAG)
« DCis acyclic if it contains only cardinality constraints
« DC is acyclic if it has cardinality constraints and key-foreign key FDs

Theorem: given Q and acyclic DC, then

neaoe ") = JUp 1082 0T =, iy 00 =, o ()

 Recall: the modular bound is efficiently computable!

M, = {h:2V - R* | h(X) = Zh(x),‘v’X c V)

32




max __ h(V) and Linear Programming Duality

heM,NHDC

max Z h(v) min z 6le log Nylx
vev (X,Y,Nle)EDC
Z h(v) < logNy|X, (X; Y; NY|X) € DC 6y|X > 1’ vEV
veY—-X
(X.Y,Ny x)eDC
h( ) >0 cvV veyY—-X
vi=0 Syix =0, (X,Y,Nyx) € DC
Fractional vertex packing Fractional edge covering

Exactly the AGM bound if all
constraints are of the form (@, Y, Ny)

h* : primal optimal, and §* : dual optimal, then
) 5
sup Q)| =27 = [ [
DEDC
(X,Y,Ny|x)eDC

33



Natural Follow-Up Questions

Entropic bound * Polymatroid bound
Not known to be computable * Computable, not tight

sup log, |Q(D)| = max{h(V) |h € T; nHDC} < max{h(V)|h €T, n HDC}
DEDC

When do these two bounds collide?

Acyclic DC is sufficient

When they do, is there a matching
algorithm?

Yes, a Holder-based algorithm

34



But what if DC is not acyclic?

« Run the entropy-based algorithm (PANDA)

* Theorem: when DC is not acyclic, we can construct DC’ from DC
such that

» DC’is acyclic
« D EDC= D = DC

« Run Holder-based algorithm on DC’

35



Holder-based Algorithm

Backtracking search, along the line of LFTJ & Generic Join

36



Backtracking Search for Acylic DC

BTS

H =W~ Relations R, for F € €
Input: Acyclic DC set, each (X, Y, Ny, x ) has a guard R

Pick A€V s.t. indegree; .(4) =0
F=0 (oynyg)enc Tak
A€Y R guards it

for each a € I do

H* = (V4 E2); relations Rf for F € £%, constraints DC“
Q% = BTS(H%, R;,DC%)
Q<QuQ“

Return Q

37



The Sub-Problems

... // variable A selected

foreach a € I do

H = (V% E%); relations Rf for F € £%, constraints DC%
Q% = BTS(H%, RS, DCY)

Q<QuQ*
R(A, B, C)
Ve =V — {4} EC={F\{A}:Fe¢&} E
a 1 1
1 2 R4
R, A¢&F :
R = a 2 3
T[F—{A}O-A=aRF’A E F ’
a 1 1
a 1 2
DC® = { (X \ {4} Y \ {4} Ny\pyngay) | (XY, Nyjx) € DC} =
| | | J a’ 1 1
Y Y
a’ 2 2

R guards this & R guards this

38




Analysis

Time(Q) < z Time(Q%)

a€l

o)
< Z 1_[ |UA=aR|6Y|¢ 1_[ NY|§(|X

a€l (¢,Y,Ny|g)€DC (X,Y,Ny|x)eDC

A€eY A&Y
R is the guard

Sy|p
‘ I I ‘ )
< (Z |0A=aR|> NY|§(|X
ael

(0.Y,Nyjg)€EDC (X,Y,Ny|x)eDC

A€eY AgY
R is the guard

[9) )
< 1_[ (Nyi) ™ 1_[ Ny

(8,Y,Nyjg)eDC (X,Y,Ny|x)eDC

A€Y A&Y
R is the guard

‘ ‘ Sy|x
= NY|X

(X.Y,Ny x)eDC

Induction hypothesis

Friedgut inequality

R guards (8, Y, Ny|p)

39



Entropy-based Algorithm

Where Shannon-type inequalities are interpreted as relational operators

40



So we have to settle for less

Entropic bound * Polymatroid bound
Not known to be computable  Computable, not tight

sup log, |Q(D)| = max{h(V) |h € ;; n HDC} < max{h(V)|h €T, n HDC}
DEDC

» PANDA runs in time O(|D| + 2Pclymatroid bound)

« 0 hides humongous factors in query size and polylog in data size
» Works for (a type of) disjunctive datalog rule > conjunctive queries

* Three main steps

1. max{h(V) | h € I, n HDC} and its dual gives Shannon-flow inequality
2. Show that there’s a “proof sequence” for the SFI
3. Convert each step in the proof sequence into a relational operator

41



Example

*Q < R(A,B),SB,C), T(C,D),W(A,C,D),V(A,B,D)

(@, AB, Ny) R
(@, BC, N,) S
(®,CD, N3) T
(AC,ACD,N,) w
(BD, ABD, Nx) %

« 72Ppolymatroid bound _ \/Nl N,N;N,N¢
* (under mild assumptions above relative magnitutes of N;)
« E.g. N, =N, = N; = N,N, = N; = 1 then we want O(N1°)-time

AMW 2018
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Corresponding Shannon-flow inequality

 The following inequality holds for all polymatroids

h(ABCD) < %(h(AB) + h(BC) + h(CD) + h(ACD|AC) + h(ABD|BD))

* Implles |Q| < \/N1N2N3N4_N5

43



Proof sequence

h(AB) + h(BC) + h(CD) + h(ACD|AC) + h(ABD|BD)

= h(AB) + h(B) + h(BC|B) + + h(ACD|AC) + hABD|BD)
> h(AB) + + h(BC|B) + + h(ACD|AC) + h(ABD|BD)
= h(AB) + h(BC|B) + + h(ACD|AC) + h(ABD|BD)

> h(AB) + h(BC|B) + h(BCD) + h(ACD|AC) + h(ABCD|BCD)
= h(AB) + h(BC|B) + h(ACD|AC) + h(ABCD)

> h(AB) + h(ABC|AB) + h(ACD|AC) + h(ABCD)

= h(ABC) + h(ACD|AC) + h(ABCD)

> h(ABC) + h(ABCD|ABC) + h(ABCD)

= h(ABCD) +h(ABCD)
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PANDA

h(BC) - h(B) + h(BC|B)
h(CD) - h(BCD|D)

h(B) + h(BCD|B) - h(BCD)
h(ABD|BD) — h(ABCD|BCD)

h(ABCD|BCD) + h(BCD)
— h(ABCD)

h(BC|B) - h(ABC|AB)
h(AB) + h(ABC|AB) - h(ABC)
h(ACD|AC) - h(ABCD|ACD)

h(ABC) + h(ABCD|ABC)
— h(ABCD)

Partition

NOOP
Join
NOOP

Join

NOOP
Join
NOOP

Join

S — Sheavy y glight  threshold 6

T “affiliated” with h(BCD|B|)
I4(B,C,D) « S"e®Y(B ) x T(C,D)
V “affiliated” with h(ABCD|BCD)
0, « V(A,B,D) x I;(B,C,D)

Slight “affiliated” with h(ABC|AB)
I,(4,B,C) < R(A,B) x SHIt (B, ()

W “affiliated with h(ABCD|ACD)
0,(A,B,C,D) « I,(4,B,C) x W(4,C,D)
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Open Problems

Some are much harder than others
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1. Is the entropic bound computable?

2. What is the computational (query) complexity of
computing the polymatroid bound?

3. For which class of DC is the best acyclic modification
tight w.r.t. DC?

4. For which class of DC is the polymatroid bound tight?




5. Improve the (humongous) hidden factors in PANDA

6. Theory and algorithm for average case output size
bound

7. Theory and practical algorithms for instance-optimal
query evaluation

8. Theory and practical algorithms for optimizers of
multi-way join operators




Spectrum of Problems and Solutions

Constraints Cardinality only General degree constraints
(o FDs & cardinality constraints)

Complex

Output size Tight & poly-time computable in Tight & not (known to be)
bound query complexity computable
Not tight & computable
(but not known to be in P)
Argument Holder argument Entropy argument

See writeup
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Thank you!

PPPPPPPP



